quenching point (cf. [8] ). For simplicity, we assume that I = 1 and that quenching occurs. Our analysis applies to any I > 0.
To describe the quenching behavior near the point (0, T), we introduce the following similarity variables: y ~ (r -iy/2' s = -ln(T -t), (1.5) z{y,s) = {u(x,t)(T -0"7}Q, (1) (2) (3) (4) (5) (6) where the similarity exponents are necessarily given by 7=-<5 =(« + /?) 7. z{y,s)=eais, \ye~5s/2\ = l, s > s0, (1.8) z{y, s0) = u«(yT5'2)T-^ = z0(y), \yT&'2\ < 1, (1.9) where so = -ln(T) and W is given by W = {(j/,s) I \ye~ds/2\ < 1 ,s> s0}.
Then the study of the quenching behavior of u near the quenching point (in the region \x\/(T -t)a/2 < C as t -» T~) is equivalent to the study of the stabilization problem as s -» oo to steady solutions of (1.7) in the whole real line K. Let tp(y) be a positive solution of the equation v" -5^1/ay + 7<P1/q -v~0/a = 0 (1.10) in R. Hereafter the prime denotes the differentiation with respect to y. We shall analyze positive global solutions of (1.10) in Sec. 2. We prove that any nonconstant positive global solution of (1.10) must be monotone for all |t/| large; and it tends to infinity as \y\ -> oo. Moreover, there are only two possible growth rates. It grows either polynomially or exponentially as \y\ -> oo. The polynomial case is proportional to |y|2a/(Q+'3). Note that the above results have been proved in [7] for the case a = 1. In fact, for the case a = 1, it is easy to show that any local positive solution of (1.10) can be extended globally in R for (3 > 1. But, for the case a e (0,1), the forward continuation in [0, oo) of the local solution of (1.10) is not available. Although the backward continuation in [0, oo) of the local solution of (1.10) holds for the case (3 > a, it is not known for the case (3 < a. Prom the ordinary differential equation (ODE) point of view, it is interesting to know whether (1.10) possesses a positive global solution.
We remark that for any positive global solution tp(y) of (1.10) the function
is a self-similar solution to the Cauchy problem for (1.1) for x E K such that it quenches exactly at time t = T. Furthermore, if </?(?/) grows polynomially at infinity, then we have u(x,T) = A\x\2^a+^ for some positive constant A. Motivated by a recent work of Galaktionov [4] on blow-up problems, we shall describe the quenching behavior of the solution near the quenching point by constructing a Lyapunov function (see, e.g., [9] ). To construct a suitable Lyapunov function, we need to study the backward continuation property of Eq. (1.10). For the case (3 < a, we redefine (1.10) so that the new equation has the backward continuation property (see (4.6) below).
We define the w-limit set of the problem (1.7)-(1.9) by u(zo) = {</?€ C(K) | there exists a sequence Sj -> oo such that z(-, Sj) -> </?(■) as j -> oo uniformly on compact sets in R}.
We show that the oj-limit set is contained in the set of nonconstant symmetric solutions of (1.10) with polynomial growth at infinity. To prove this result we need to verify two points. One is to show that the constant solution of (1.10) is not in the w-limit set. The other is to obtain the polynomial growth property of z(y, s) as \y\ -> oo. Notice that for a = 1 we have lo(zq) = {(/3 + l)7} (see [6] , [1] , and [7] ). This paper is organized as follows. In Sec. 2, we analyze positive solutions of (1.10). After giving some a priori estimates in Sec. 3, we construct and study the Lyapunov function in Sec. 4 . Sections 5 and 6 are devoted to the study of the w-limit set.
We make some remarks here. In contrast to the case a = 1, there is no global existence result available for Eq. (1.10) for the case 0 < a < 1, from the standard existence theory of ODE. However, we proved in Sec. 5 that the cj-limit set is nonempty for the case (3 < a. Hence, as a by-product of this fact, (1-10) does possess a nonconstant positive global solution. But, it still remains open whether there is a nonconstant positive global solution of (1.10) for the case (3 > a, when a e (0,1).
Self-similar
solutions.
In this section we shall analyze positive solutions of (1.10) using the method used in [7] (see also the references cited therein).
We prove that any nonconstant solution of (1.10) must be monotone for all \y\ large; and it tends to infinity as \y\ -* oo. Moreover, there are only two possible growth rates. It grows either polynomially or exponentially as \y\ -> oo. Because the proofs are quite similar to the proofs given in [7] , we shall only sketch the proofs.
Let <p be any nonconstant positive global solution ip{y) of (1.10), i.e., tp satisfies <fi" -\y{<P1/ay + ivl,a -v~0la = 0, ye K, (2.1)
Then the quantity (<//(j/))2/2 + G(ip(y)) is monotone for y > 0 and hence the limit lira \(<p' {y)f /2 + G{<p(y))\ y-*oo exists and is positive. Set ip = tp'. Given any positive constant a, let Aa = \<p> ay}.
Then by a phase plane analysis we obtain that the region Aa is a positively invariant region, i.e., there is t/o = 2/o(a) > 0 such that if ((p(yi),i/>(yi)) £ Aa for some y\ > j/o, then {<fi{y),il>(y)) € Aa for all y > y\. We remark that here the fact a € (0,1] is used. Using this invariance property we can show that p cannot assume the value k at infinitely many points as y -* oo (cf. [7] , Lemma 2.3). Prom the nonoscillation of <p, we next derive that <p must be strictly increasing to infinity as y -> oo. Moreover, the limit
exists and p e {0, oo}. The case p = 0 corresponds to the polynomial growth, and the case p -oo corresponds to the exponential growth.
We shall give the precise growth rate for the polynomial growth case. Hence the proof is completed. □ From this lemma we can derive the growth rate for the case p = 0 and we conclude that <p(y) behaves like y2a/(a+0) at y = oo.
Some a priori estimates.
In order to describe the quenching behavior of u near the quenching point (0, T), we need some a priori estimates. First of all we note that 2 is symmetric with respect to y = 0 and is monotone increasing in |y|. Let q = 2a/(a + /3).
First, since 0 is the unique minimum point for each t, we have ut(0,t) > -u(O,ty0.
Then an integration gives that z(0, s) < k = {(3 + 1)Q7 for any s > so-(3-1)
Thus </?(0) < k for all ip € Next, we claim that the constant state of (1.10) does not lie in the w-limit set. The following lemma has been proved in [8] .
Lemma 3.1. Suppose that Uq(x) = «o(M) and is monotone nondecreasing in |ai| and that T is the quenching time. Then there is a positive constant C such that
By an integration of (3.2) and returning to similarity variables, we obtain that z(y,s)>D\y\" in W (3.3)
for some positive constant D. It follows from (3.3) that the constant state of (1.10) is not in the w-limit set. Let H(x,t) = (u^x -arjxu^13, where r) = C/(a+fi). Then by (3.2) we have H(x, t) > 0 in Q and H(0,t) = 0 for t > 0. It follows that Hx(0,t) > 0 and hence Ut(0,t) > -(1 -ar/)u(0, t)~P. Prom this we conclude that y(0) < k for all <p £ u)(zq). Suppose that uo satisfies the condition (H):
We derive some estimates. Since uo satisfies the condition (H), ut < 0 in Qr, by the strong maximum principle. Since ut < 0 in Qt, it follows that (z1/q)s + ^y{zx^a)y -7z1/a < 0, (3.4) zyy -z~0/a < 0. For the case (3 < a, using the first estimate in (3.6) and the fact that z(0, s) < k, we can solve the ordinary differential inequality and easily obtain the polynomial bounds for z and zy. One of the difficulties for the case P > a is to obtain a lower bound for z(0, s). We shall overcome this difficulty by exploring the Lyapunov function in the following section.
4. Lyapunov function.
We first get some estimates on the boundary y = R(s) = exp(<5s/2). Under our assumption, any x £ [1/2,1] is not a quenching point. Thus Eq. g(n) dp.
ril'(£-,y,v,w) rv %ip*(€;y,v,w)+ g{n) dn < \w2 + g{^)dn, (4.12)
from which it follows that ip and will remain bounded (with the bounds depending on v and w) on (y*, y\. Furthermore, since g(fi) d^i = -oo in the case (3 > a, we also have il>(£,-,y,v,w) > 0. Thus ip can be extended beyond y* if y* > 0, and we must have y*= o. where we used (4.14) and the fact that g^(£,,n) = 0 for /n > 1 > £. We obtain /•ip(Z\y,v,w) rv + / <?(£,n) dfj, < \w2 + / g(y,n)dn + C, (4.16)
where the constant C is independent of w, v, and £ (it may depend on y). As before, this estimate implies that | and ip are bounded from above. For every £ > 0, g(£, fi) d/i --oo, we also have 4>(^;y, v, w) > 0 if £ > 0. Thus ip can be extended beyond y* if y* > 0, and we must have y* = 0.
We next derive some estimates for large v. In this case g(£, v) = g(v) and the argument below applies to both the cases (3 < a and /3 > a. In order to obtain the lower bound for J\, we substitute w = 0 in (4.19) and obtain P{y, v, 0) < exp{-c*t/1-a^2a'y} for v > k, (4.24) from which we immediately derive $(y, z(R(s),s),zy{R{s),s))R'{s)
Thus J1 is bounded from below by a function that decays exponentially fast.
We proved:
Lemma 4.1. Using standard arguments (cf. [5] , [6] ) we now conclude that any w-limit satisfies the ODE (1.10) for all y > 0. □ In the case that the w-limit is positive at y = 0, we can further derive estimates near y = 0 and conclude that the w-limit also satisfies the ODE (1.10) at y = 0 and v?'(0) = 0.
The case in which the w-limit is 0 at y = 0 will be shown in the next theorem. 6. w-limit for the case p > a. One of the difficulties in the case (3 > a is the lack of a lower bound for z(0, s), and therefore no estimates on the derivatives of 2 are available.
We now consider the special case a < (3 < 3a. In this case, if z(y, s) < k, then [ 9{^)P{y> 0) dfj, < f < f n 3/adfi. 
